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THE AVERAGE ELEMENT ORDER
AND THE NUMBER OF CONJUGACY CLASSES
OF FINITE GROUPS
E. I. KHUKHRO, A. MORETÓ, AND M. ZARRIN
Abstract. Let o(G) be the average order of the elements of G, where G
is a finite group. We show that there is no polynomial lower bound for
o(G) in terms of o(N), where N E G, even when G is a prime-power order
group and N is abelian. This gives a negative answer to a question of
A. Jaikin-Zapirain.
1. Introduction
Let G be a finite group, and let o(G) be the average order of the elements






where |g| denotes the order of g. A. Jaikin-Zapirain mentioned in [11, p. 1134]
that it would be very interesting to understand the relation between o(G) and
o(N), where N is a normal subgroup of G. More specifically, he posed the
following question.
Question 1.1. Let G be a finite (p-) group and N a normal (abelian) subgroup
of G. Is it true that o(G) > o(N)1/2?
Our main result provides a strong negative answer to this question, which
shows that one cannot obtain this type of inequality for any real number c as
the exponent on the right, not just 1/2.
Theorem 1.2. Let c > 0 be a real number and let p > 3/c be a prime. Then
there exists a finite p-group G with a normal abelian subgroup N such that
o(G) < o(N)c.
By the condition p > 3/c in this theorem, putting c = 1/2 we obtain a
negative answer to Question 1.1 for all primes p > 7. But in fact a more
careful consideration of the parameters involved gives a negative answer for all
primes p > 5.
Corollary 1.3. Question 1.1 has a negative answer for any prime p > 5.
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After the current paper had been already largely written, we received from
A. Jaikin-Zapirain an unpublished earlier manuscript, where he constructed
counterexamples to Question 1.1 using Frobenius groups. This manuscript
also stated the following questions of similar nature.
Question 1.4. (a) Is there a constant c1 > 0 such that for every finite
group G we have o(G) > c1 ·mo(G)1/2, where mo(G) is the maximum
order of elements of G?
(b) Is there a constant c2 > 0 such that for every finite group G and every
normal subgroup N of G we have o(G) > c2 · o(N)1/2?
Our examples proving Theorem 1.2 also give negative answers to these ques-
tions.
We have tried to understand the relevance of Question 1.1 to problems on
the number of conjugacy classes of finite groups. Despite the fact that this
question has a negative answer, our counterexamples do not disprove certain
possible consequences, so we think it is worth mentioning these problems on the
number of conjugacy classes in Section 2. In addition, the following question
remains open.
Question 1.5. Fix a prime p. Does there exist a number c = c(p) > 0
depending on p such that o(G) > o(N)c for any finite p-group G and any
(abelian) normal subgroup N of G?
In Section 3 we discuss prospective counterexamples related to the Hughes
conjecture and so-called anti-Hughes p-groups, which provided original moti-
vation to our constructions. But the actual counterexamples are constructed
from so-called secretive p-groups in Section 4. In Section 5 we discuss other
questions related to the function o(G), the recently intensely studied func-
tion ψ(G) =
∑
g∈G |g|, and the number of conjugacy classes and irreducible
character degrees.
2. Implications of Question 1.1
As usual, given a finite group G we write k(G) to denote the number of
conjugacy classes of G. Also, if L 6 K are normal subgroups of G with K/L
abelian, we say that K/L is an abelian section of G. Using Lemma 2.6 and
Corollary 2.10 of [11], it is easy to see that if Question 1.1 had an affirmative
answer, then the following question would also have an affirmative answer.
Question 2.1. Let p be a prime. Let G be a finite group with an abelian
section of exponent pe. Is it true that k(G) >
√
pe − pe−1?
In particular, this implies that if G is a p-solvable group and p divides |G|,
then k(G) >
√
p− 1. This is a first consequence of Question 1.1 that is, we
think, nontrivial. It had been proved in [7] that for G solvable, k(G) > 2
√
p− 1
and this bound is best possible. This paper has generated a lot of research
since 2000. It was mentioned in [7] that if this bound holds for p-solvable
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groups and the Alperin–McKay conjecture holds, then this bound holds for
arbitrary groups. In fact, it suffices to assume that McKay’s conjecture holds:
k(G) = |Irr(G)| > |Irrp′(G)| = |Irrp′(NG(P ))| = |Irr(NG(P )/P ′)| = k(NG(P )/P ′),
and the last group is p-solvable. Here, Irr(G) stands for the set of irreducible
characters of a group G, and Irrp′(G) is the set of irreducible characters of G of
degree not divisible by p. The equality |Irrp′(G)| = |Irrp′(NG(P ))| is McKay’s
conjecture, which is one of the main problems in representation theory. Much
progress has been made recently on McKay’s conjecture. It was reduced to a
problem on simple groups in [10] and the case p = 2 was proved in [21], but
the conjecture is (as of now) open for odd p. See [24] for a detailed exposition
of the results and techniques that have been used.
It was not until 2016 that the bound k(G) > 2
√
p− 1 was proved for ar-
bitrary groups in [20]. It was shown subsequently in [18] that |Irrp′(G)| >
2
√
p− 1 for arbitrary finite groups, a result that is consistent with McKay’s
conjecture. In view of this, one could think that, perhaps, |Irrp′(G)| >
√
pe − pe−1.
However the dihedral 2-groups, for instance, are already a counterexample for
p = 2. This means that Question 2.1 does not follow from the p-solvable case
and McKay’s conjecture.
See the introduction of [21] for a summary of the developments in this area.
In that paper, A. Maróti and I. Simion proved that there exists a constant
c > 0 such that k(G) > cp for any finite group G of order divisible by p2.
However, it is not true that if we assume that pn divides |G|, then k(G) grows
(exponentially) with n, even in prime-power order groups: as mentioned in
Remark (v) of [7], L. Pyber pointed out that L. Kovacs and C. R. Leedham-
Green [16] had constructed for every odd prime p a group G of order pp and of
exponent p with k(G) = 1
2
(p3−p2 +p+1). A lower bound for o(G) in terms of
o(N), for any N normal abelian in G, would imply that k(G) does grow with
the exponent of an abelian section of p-power order. There is one recent result
of this type, although of a different nature. Let B be a Brauer p-block of a
finite group G with defect group D. It was proved in Corollary 4 of [25] that
if exp(Z(D)) = pm, then k(G) > k(B) > (pm + p− 2)/(p− 1). (Here, exp(H)
denotes the exponent of a group H.) In short, all of this seems to indicate that
k(G) grows with exponents. For instance, we propose the following question.
Question 2.2. Let G be a p-group. Is it true that k(G) > exp(G)1/2?
This would be an immediate consequence of Corollary 2.10 of [11] and an
affirmative answer to Question 3.1 below, but we know that the answer to
the latter question is negative. If Question 2.2 has an affirmative answer, it
will show that examples of p-groups with few classes like those of Kovacs and
Leedham-Green necessarily have “low” exponent.
Our counterexamples in this paper do not provide counterexamples to the
questions posed in this section. If these bounds turned out to be false, it would
still be interesting to see if polynomial bounds do exist. Our counterexamples
show that if these bounds exist, they are not immediate consequences of a
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general result relating o(G) and o(N), where N is normal abelian subgroup
of G.
3. Anti-Hughes groups
Trying to prove that Question 1.1 has an affirmative answer for p-groups, we
considered the following question. Recall that exp(H) denotes the exponent
of a group H.
Question 3.1. Let G be a finite p-group. Is it true that o(G) > exp(G)1/2?
Since o(H) 6 exp(G) for any subgroup H of G, it is clear that an affirmative
answer to Question 3.1 for a finite p-group G implies an affirmative answer to
Question 1.1 for the same group G.
Let us recall the Hughes conjecture. Given a finite group G and a prime p,
we define Hp(G) = 〈x ∈ G | xp 6= 1〉. D. R. Hughes [8] conjectured that if
1 6= Hp(G) 6= G, then |G : Hp(G)| = p. Hughes and J. G. Thompson [9] proved
that the Hughes conjecture holds for all groups that are not p-groups. Since
then, a lot of effort has been devoted to the study of the Hughes conjecture
for p-groups. There are a number of results in both directions. For instance,
the conjecture is known to be true for p = 2 and p = 3. On the other hand,
there are counterexamples for p = 5, 7, 11, 13, 17, 19 (and possibly a few more
primes). A counterexample to the Hughes conjecture is called an anti-Hughes
group. It is expected that counterexamples exist for every prime p > 5, but
it is also known that the Hughes conjecture holds “for almost all groups” in a
certain precise sense [13]; in particular, the exponent of an anti-Hughes group
is bounded in terms of p. In all known counterexamples |G : Hp(G)| = p2
and exp(G) = p2, but it is expected that there exist counterexamples with
|G : Hp(G)| > p2 and also counterexamples with exp(G) > p2. We refer the
reader to [14] and [15] for more detailed expositions on the Hughes conjecture
and to [5] for the most recent paper where more counterexamples were built
with the aid of computers. (Only the first counterexampe by G. E. Wall [27]
was constructed manually for p = 5.)
Notice that by construction all the elements in G \ Hp(G) have order p.
Therefore, if G is an anti-Hughes group, then the proportion of elements of
order p is at least (p2 − 1)/p2. It was natural to check if we can have a coun-
terexample to Questions 3.1 and 1.1 among anti-Hughes groups. Notice how-
ever that these questions hold trivially for groups of exponent p2. Therefore,
there are no counterexamples to our questions among the known anti-Hughes
groups. However, we have the following.
Proposition 3.2. Assume that there exists an anti-Hughes group G of expo-
nent p3. Then G is a counterexample to Question 3.1
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Proof. Write |G| = pn. As mentioned, all elements in G \Hp(G) have order p.
The elements in Hp(G) have order at most p
3. Therefore,
o(G) 6
(pn − pn−2)p+ pn−2p3
pn
< 2p < (p3)1/2 = exp(G)1/2,
where in the last inequality we have used the fact that in an anti-Hughes group
p > 5. 
A more detailed analysis of the orders of the elements in Hp(G) would be
required to see if such a group is also a counterexample to Question 1.1. For-
tunately there is a related, but simpler, construction that will allow us to find
counterexamples. These are the so-called secretive p-groups (see Remark 4.8
of [15]). Thanks to them, we can construct counterexamples for almost all
primes.
4. Secretive p-groups and counterexamples
The key to our construction will be the following groups.
Lemma 4.1 (Wall’s secretive p-group [29]). For every prime p, there exists a
finite p-group P such that
(a) the Frattini subgroup Φ(P ) has exponent p,
(b) |P/Φ(P )| = pp, and
(c) all the elements in P \ Φ(P ) have order p2 and their p-th powers are
nontrivial elements of a central cyclic subgroup 〈z〉 = P p of order p.
These groups are special cases of a somewhat more general construction of
G. E. Wall in [29], where the exponent of the group was pm for m > 2 and the
rank of P/Φ(P ) could be any integer between 2 and pm−1. It is not explicitly
stated in [29] that Φ(P ) has exponent p in the group P in Lemma 4.1, only
that P has exponent p2 and P/[P, P ] has exponent p; but it is straightforward
from the construction in [29] that [P, P ] has exponent p.
These groups are so-called secretive p-groups, and their construction in [29]
answered a question of L. Kovacs, J. Neubüser and B. Neumann [17]. For
m = 2 the first author [12] also constructed such groups with even larger
rank of P/Φ(P ), which gave a negative answer to a question of N. Black-
burn and A. Espuelas [3]. The construction in [12] produced p-groups P with
Φ(P ) = Ω1(P ) of exponent p and |P p| = p and with the rank of P/Φ(P )
being 1 + k(p − 1) under the condition that the multilinear identities in the
associated Lie ring L(B(∞, p)) of the free countably-generated (restricted)
Burnside group of exponent p are ‘really new’ for every degree 1 + r(p − 1)
for r = 1, 2, . . . , k. ‘Really new’ here means that they are not consequences
of identities of smaller degrees. All multilinear identities in L(B(∞, p)) were
described by M. R. Vaughan-Lee [26], and G. E. Wall [30] proved that only
those of degrees 1 + r(p − 1) can be really new. Wall [30] showed that the
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aforementioned condition also implies the existence of anti-Hughes groups with
|P : Hp(P )| = p1+k(p−1).
At the moment such identities are known to be really new only for degrees
p (the (p − 1)-Engel identity) for all p, and 2p − 1 (Wall’s identity) for a few
primes p = 5, 7, 11, . . . , 19 (possibly a few more), which was established with
the aid of computers (only for p = 5 Wall’s calculations were done manually in
[27]). Notably, the construction in [12] of secretive p-groups of rank 1 + k(p−
1) succeeds under the same conditions on the identities of L(B(∞, p)) that
ensure the existence of anti-Hughes groups, as in [27], [28], [30]. However, for
the counterexamples in the present paper it is sufficient for us to use Wall’s
secretive p-groups from Lemma 4.1, which exist for every prime p. Secretive
p-groups with bigger rank of P/Φ(P ) may still prove to be useful for refuting
weaker conjectures in the future. The same applies to the prospective anti-
Hughes groups of exponent greater than p2 as explained in § 3, as well as anti-
Hughes groups with bigger index of Hp(P ). However, for these more difficult
constructions the underlying problem of really new identities in L(B(∞, p))
must be tackled first.
We now proceed to the construction of our counterexamples.
Lemma 4.2. Let P be Wall’s secretive p-group from Lemma 4.1 and let s > 0
be an integer. Then there exists a homocyclic group Us of exponent p
s admitting
an action of P by automorphisms such that in the semidirect product UsP the
following hold:
(a) the order of any element in UsP \ UsΦ(P ) is p2;
(b) the order of any element in UsΦ(P ) is at most p
s+1.
Proof. Recall that P p = 〈z〉 is a central subgroup of P of order p. Consider
a complex irreducible representation of P in which 〈z〉 is represented faith-
fully, and let V be the corresponding vector space over C. We use the usual
centralizer notation for the natural semidirect product V P regarding V as an
additive group. Since z ∈ Z(P ) and V is an irreducible CP -module, we have
CV (z) = 0 and therefore
(1) v + vz + vz2 + · · ·+ vzp−1 = 0 for any v ∈ V.
Pick an arbitrary non-zero vector a ∈ V and let
A = +〈ag | g ∈ P 〉
be the additive subgroup of V generated by the orbit of a under the action
of P . As a finitely generated subgroup of the torsion-free additive group V ,
the group A is a free abelian group of finite rank. We now put Us = A/p
sA,
which is a finite homocyclic p-group of exponent ps admitting the induced
action of P .
We now switch to multiplicative notation for the group operations in Us and
the semidirect product UsP . Note that by (1) we have a similar property
u · uz · uz2 · · ·uzp−1 = 1 for any u ∈ Us.
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Since zp = 1, the last equation is well known to be equivalent to
(uz)p = u · uz · uz2 · · ·uzp−1 = 1 for any u ∈ Us.
Of course, the same holds for any non-trivial power of z:
(2) (uzk)p = 1 for any u ∈ Us and any k = 1, 2, . . . , p− 1.
Any element g ∈ UsP \ UsΦ(P ) has the form g = wh for w ∈ Us and
h ∈ P \ Φ(P ). Then
gp = (wh)p = vhp
for some v ∈ Us, while hp = zk 6= 1 by the property of Wall’s p-group P in
Lemma 4.1. Therefore by (2) we have
gp
2
= ((wh)p)p = (vzk)p = 1,
as required.
It is also obvious that the exponent of UsΦ(P ) is at most p
s+1, since the
exponent of Us is p
s and the exponent of Φ(P ) is p by Lemma 4.1. 
We now complete the proof of Theorem 1.2.
Proof of Theorem 1.2. Recall that c is a positive real number, and p is a prime
such that p > 3/c. We need to construct a finite p-group G and an abelian
normal subgroup N such that o(G) < o(N)c.
Set s = p+ 1 in Lemma 4.2. We set G = UsP and N = Us. Write |G| = pn.
Using the estimates for the element orders in (a) and (b) of Lemma 4.2, we
have
o(G) 6
p2(pn − pn−p) + pp+2pn−p
pn
= p2 − p2−p + p2 < 2p2 6 p3
On the other hand, for example, by [11, Lemma 2.6],
o(N) > pp+1 − pp > pp.
Therefore, since 3 6 pc, we have
o(G) < p3 6 ppc 6 o(N)c,
as desired. 
Proof of Corollary 1.3. Since 7 > 3/(1/2), Theorem 1.2 provides counterex-
amples to Question 1.1 for all primes p > 7. In fact, the same example in the
proof of Theorem 1.2 works also for p = 5 and c = 1/2. Indeed, for these values
we have o(G) < 2 ·52 as above, which is less than (55+1−55)1/2 6 o(N)1/2. 
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5. Related questions
The function o(G) may have interest by itself. The analogous functions for
character degrees and class sizes have been studied (see, for instance, [23] or
[4]). By analogy with Theorem A of [23] and Theorem 11 of [4], we propose
the following.
Conjecture 5.1. Let G be a finite group. If o(G) < o(A5) then G is solvable.
Notice that if we set ψ(G) =
∑
g∈G |g|, then o(G) = ψ(G)/|G|. The function
ψ was defined in [1], where it was proved that if G is a group of order n then
ψ(G) < ψ(Cn). Many papers on this function have been published since then.
For instance, in [6] it was conjectured that if a group G has order n and ψ(G) >
211
1617
ψ(Cn) then G is solvable. (Notice that ψ(A5) = 211 and ψ(C60) = 1617.)
This conjecture was proved in [2]. We can reformulate Conjecture 5.1 in terms
of ψ as follows: if G is a group of order n and ψ(G) < 211
60
n then G is solvable.
Notice that this would be a dual result to [2].
Although not directly related with o(G), we take this opportunity to record
the following consequence of the main result of [11]. It was asked in [22,
Question 1 and p. 246] whether k(G)/|cd(G)| → ∞ when G is solvable and
|G| → ∞, or even k(G)/d(|G|)→∞ when G is solvable and |G| → ∞. (Here
cd(G) stands for the number of irreducible character degrees of G and d(|G|)
is the number of divisors of |G|.) These questions have an affirmative answer
for nilpotent groups.
Proposition 5.2. We have
(i) k(G)
d(|G|) →∞ when G is a nilpotent and |G| → ∞.
(ii) In particular, k(G)|cd(G)| →∞ when G is nilpotent and |G| → ∞.
Proof. We consider first the case of prime power order groups. Write |P | =
pm, where p is a fixed prime. Note that d(|P |) = m + 1 = logp |P | + 1 =
1
log2 p
log2 |P |+ 1. If we use the lower bound for k(P ) given in Theorem 1.1 of
[11], we obtain that k(P )
d(|P |) →∞ when m→∞.








Finally, notice that if G = P1 × · · · × Pt is nilpotent with Sylow subgroups






· · · · · k(Pt)
d(|Pt|)
,
using that d is a multiplicative function. Now, it is a calculus exercise to check
that the result follows from the previous paragraphs and the fact that k(P )
d(|P |) > 1
for every p-group P . 
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